Abstract. Here we develop an epidemic model that accounts for long-range dispersal of pathogens between plants. This model generalizes the classical compartmental modelsSusceptible-Infected-Susceptible (SIS) and Susceptible-Recovered (SIR)to take into account those factors that are key to understand epidemics in real plant populations. These ingredients are the spatial characteristics of the plots and elds in which plants are embedded and the eect of long-range dispersal of pathogens. The spatial characteristics are included through the use of random rectangular graphs which allow to consider the eects of the elongation of plots and elds, while the long-range dispersal is implemented by considering transformations, such as the Mellin and Laplace transforms, of a generalization of the adjacency matrix of the geometric graph. Our results point out that long-range dispersal favors the propagation of pathogens while the elongation of plant plots increases the epidemic threshold and decreases dramatically the number of aected plants. Interestingly, our model is able of reproducing the existence of patchy regions of infected plants and the absence of a clear propagation front centered in the initial infected plants, as it is observed in real plant epidemics.
Introduction
Understanding the spread of pathogens on plants has always been an important challenge for agricultural and environmental development [1, 2] . Today, it is well-documented that the long-range dispersal of pathogenic fungi is responsible for the spread of several important crop diseases at distances ranging from a few meters to thousands of kilometers [3] .
Many of these fungi, such as those causing diseases like rust, powdery mildew, and downy mildew diseases, produce a massive numbers of spores which are then dispersed by wind from one plant to another. Such kind of wind dispersal is an important surviving mechanism for the spores, which can travel even at inter-continental distances [3] . Another mechanism of long-range dispersal of pathogenic organisms is by means of vectors [4] , ranged from small insets to humans, which transport the inoculum of the pathogen from one plant to another. Both mechanisms are believed to be responsible for the dispersal of diseases such as Dutch elm disease [5] , citrus canker [6] , sudden oak death [7] and rhizomania of sugar beet [8] .
The study of long-range dispersal in plants is not only of remarkable importance for understanding plant diseases but also for other plant-related processes [9, 10, 11, 12] . For instance, most of the transport of pollen between plants is carried out by wind or insect pollinators. This biological process is vital for the survival of the species, but it is also important for understanding transgenic pollen dispersal [13] . Of similar importance is the spreading of evolutionary novelties across populations. Recently, it has been recognized that rare-events of long-range jumps can lead to drastic acceleration of these processes [14] .
In order to model epidemic processes in plants the modeler dispose of several theoretical tools [15, 16, 17, 18] , not without a few important challenges [19, 20, 21] . The incorporation of long-range dispersal eects, either as diusive processes or by including long-range jumps, has been the topic of many researches [22, 23, 24, 25, 26, 27, 28, 29] . Recently, Vallaeys et al. [13] have stressed that the diusive process often seriously underestimates dispersal distances, and on the other hand, pure Lévy movements often overestimates dispersal distances. Thus, methods that account for an equilibrated balance between diusive and long-range dispersal are still needed for modeling epidemic processes in plants [13] . Another important challenge in modeling plant diseases is the necessity to consider the spatial characteristics of the plots or elds in which the plants are embedded. As a consequence, those models that consider spatial features for characterizing the structure of populations in heterogeneous landscapes have gained recent interest [30] . One approach is to consider spatial networks that treat interactions as a continuous variable that decays with increasing distance. Another, which is interesting from the perspective of the current work is to distribute randomly and independently a set of points on the Euclidean plane to represent the relative spatial location of individual host plants or habitat patches [30] . The second kind of models give rise to random geometric graphs (RGGs) [31, 32, 33, 34] , in which each node is randomly assigned geometric coordinates and then two nodes are connected if the (Euclidean) distance between them is smaller than or equal to a certain threshold r. For instance, let us suppose that a pathogen located in a plant i can jump and infect any susceptible plant inside a certain radius centered on i. This implies that every other node inside the disk of radius r centered at the infected node i is connected to it.
The fact that plants are not mobile as humans and animals produces lower mixing levels in a given population.
Consequently, the shape of the plot or eld in which the plants are distributed aects signicantly disease dynamics in these systems. In fact, there are both empirical and theoretical evidence that support this hypothesis [35, 36, 37, 38, 39, 40, 41, 42] . In general, it has been suggested that square plots and elds favor higher spreading of plant diseases than elongated ones of the same area [35, 36, 37] . It is important to remark that the area of the eld also plays a fundamental role, with larger plots and elds favoring more the spreading of diseases [39, 41, 42] . Also, the orientation of elongated elds may aect the disease propagation with orientations perpendicular to prevalent winds suppressing epidemic progression [36, 37] . All in all, for plots and eld of the same area and orientation there is empirical and theoretical evidence that elongated shapes decreases the impact of epidemics on plant populations. It is worth noting that the theoretical models [40, 41, 42] used in the previously mentioned studies do not use network theory as a tool for the study of epidemic spreading. Recently, Estrada et al. have generalized the RGGs to consider rectangular areas [43, 44, 45] and have used them as plant elds to show analytically and computationally that the rectangular elongation of these elds produces a signicant delay on the disease propagation on plants [46] .
In this work we develop a new model that combines three desirable ingredients for modeling plant diseases: (i) a network environment in which the proximity between plants determines their connectivity, (ii) the spatial embeddeness of plants in areas of dierent shapes, (iii) inclusion of long-range jumps allowing distance-dependent dispersal of pathogens.
The model is based on a generalization of classical epidemiological models, such as Susceptible-Infected-Susceptible (SIS) and Susceptible-Infected-Recovered (SIR) models, in which the infection is propagated through the nodes and edges of a spatial network and in which long-range dispersal of the disease is allowed. The spatial networks used here allow to study the eect of elongation of plant crops and elds on the dispersal of the pathogen. We rst formulate mathematically this For the sake of simplicity we will consider unit rectangles of the form [0, a] × 0, a −1 . The construction of the RRG is as follow. We distribute randomly and independently n points on this rectangle. We then center at each point a disk of radius r, which hereafter we call the inuence radius. In Fig. 2 .1 (a) we illustrate a possible connection radius for the plant in the center. It indicates that the pathogen can jump to any plant which is at a distance shorter or equal than r. Notice that for the construction of RRG only one radius for each node is used and it remains xed for all the experiments. Let i be an arbitrary plant in the rectangle and let D i be the disk of radius r centered at i. Then, we connect every node inside the disk D i to the point i. The adjacency matrix of the RRG is dened as the matrix A ∈ R n×n whose entries are given by (2.1) The degree of a node k i , is the number of nearest-neighbour connections that the node i has. The consideration of the elongation of the unit rectangles where the nodes of the graph resides is an important modeling feature in the current work. There has been experimental evidences that the elongation of the plots and eld in which the plants are growing decreases the rate of epidemic propagation and makes more dicult the infection to become epidemics. However, it is obvious that the elongation of the rectangles with a xed connection radius will make the graph disconnected at certain point. In the general case of RRGs we have proved that the average degreek depends on the number of nodes n and a function f of the elongation of the rectangle:k = (n − 1)f (see ref. [43] for details). Then, in the case of RRGs the probability of the graph being connected depends on both the connection radius and the elongation of the rectangle. In this work we use values of r which guarantee that the graph is connected for the studied values of the elongation parameter a. In addition, we check individually that every graph is connected.
2.2. Mathematical formulation of the LRI epidemic models. Let us now write the equations of the SIS model taking place through the nodes and edges of the graph. Let s i be the probability of individual i of being susceptible to the infection, and let x i be the probability of individual i of being infective after having been infected by the disease. Then, if the birth and death rates of the epidemics are β and µ, respectively we have the following equations for the SIS model on the graph:
In a similar way, the SIR model is written as
where R i is the probability of individual i of being recovered from infection.
In the previously dened model, an infective particle is considered to jump from one plant i to another plant j if and only if the two plants are connected in the corresponding spatial network. That is, in the case of the RRGs G = (V, E) considered here the transmission of the disease is only possible if (i, j) ∈ E. A dierent scenario arises if we consider that the pathogen can jump from a plant to another which is not its nearest-neighbor in the RRG. This is the case where the pathogen is transported by wind or by a vector which can deposit the inoculum at any other susceptible plant distant from the infected one. Here we consider that the chances of the pathogen to be transported from an infected to a susceptible plant decays with the distance at which these two plants are located in the eld. By distance we consider here the separation in terms of the number of steps in the shortest path connecting both nodes in the network. For instance, in Fig. 2 .2 an infected plant (represented in light green) can transmit the pathogen to any of its nearest neighbors with a probability σ 1 . In addition, the pathogen can jump to a second nearest-neighbor with probability σ 2 < σ 1 . Similarly, it can hop to a third, fourth, and so forth neighbor, such that the probabilities decay as: σ dmax < · · · < σ 1 , where d max is the diameterthe longest shortest pathof the network. In order to implement mathematically the model of disease propagation in this new scenario we need to dene the k-path adjacency matrices which account for the hop of the infective particle beyond the nearest neighbors of from its current position. Let d max be the graph diameter, i.e., the maximum shortest path distance in the graph.
The d-path adjacency matrix, denoted by A d , of a connected graph of n nodes is the square, symmetric, n × n matrix whose entries are:
where d ij is the shortest path distance between the nodes i and j. Obviously A 1 = A. The d-path degree of the node i is given by (2.8)
where 1 is an all-ones column vector. Let us now consider the following transformed d-path adjacency matrices:
where τ indicates the type of transformation, i.e., Mellin or Laplace transforms.
Let us dene the generalized degree of a given node i as
Now we plug the transformed d-path adjacency matrices into the SIS and SIR models to get the generalized epidemic models with long-range interactions. These equations are given below for the case of the Mellin transformed d-path adjacency matrices in the SIS model
Then, when s → ∞ we recover the classical SIS or SIR models in which there is no long-range hops of the infective particle. When s → 0 the infective particle can hop to any node of the graph with identical probability, which corresponds to the situation of an infection diusing on a complete graph K n . The situation is quite the same with the Laplace transformed d-path adjacency matrices as dened in (2.9) for the cases when λ → ∞ and λ → 0. Thus, in every case we always recover the original classical epidemiological models of graphs for large values of the parameters in the transforms of the d-path adjacency matrices and we approach the diusion of the epidemic on a complete graph when these parameters tend to zero.
2.3. Markovian formulation. Equations (2.11) and (2.12) are only valid when the number of infected individuals is small, e.g. close to the epidemic threshold. Here, following the framework introduced in [54] , we formulate a Markovian evolutionary equation that, in principle, is valid for any epidemic prevalence. Let p i (t) the probability that a node i is infected at time t. This way, under the framework of an SIS disease, the evolution of this probability reads: (2.13)
where the rst term on the r.h.s accounts for the probability that if node i is infected at time t it will not recover in the next time step t + 1. The second term in its turn, is the probability that, when node i is healthy at time t, it becomes infected at time t + 1, being the infection probability q i (t). This probability reads: (2.14)
where β is the infection probability per contact and matrixÃ τ accounts for the interaction strength between pairs of nodes as dened in Eq. (2.9) Eq. (2.13) governs the evolution of a SIS epidemics. For an SIR disease the Markovian equations reads as follows: (2.15) r i (t + 1) = r i (t) + µp i (t) , (2.16) where r i (t) is the probability that node i is recovered at time t. The expression for the infection probability q i (t) is identical to that of Eq. (2.14).
Results
Let us now analyze what are the eects of considering long-range interactions in a population subjected to contagion processes of SIR and SIS types. To this aim we construct synthetic networks by rst constructing a RRGs with a = and r =. With the adjacency matrix A 1 of the graph we calculate the dierent distance matrices A d in order to construct both the Mellin and Laplace transformations of the graph corresponding to dierent values of s, as introduced in Eq. (2.9).
Once the networks are built and matricesÃ τ computed, we conduct extensive numerical Monte Carlo simulations of both the SIS and SIR dynamics and for dierent values of the transformations parameters. In the simulations we start seeding the infection in a small fraction ρ 0 = 0.01 of the nodes. At each time-step, each infected node contacts all the susceptible agents in the network and the disease is propagated with probability A τ ij λ where A τ ij is the interaction strength between nodes i and j and then, all the nodes update their state synchronously. In the SIS we let the system evolve for 5 · 10 4 time-steps to assure that the steady state has been reached and then, wait for an additional 10 3 time-steps to calculate the fraction of infected nodes I as the average of I(t) over this last period. In the SIR dynamics instead, we let the system evolve until the epidemics ends and thus calculate the fraction of recovered (dead or removed) nodes R. For each selection of the transformation's parameters and infectivity λ we perform 500 independent runs with dierent initial conditions. The nal values of I and R are obtained as the average over all the runs. For the Markovian formulation of the two dynamics the epidemic curve has been obtained iterating for the nodes in the system of Eqs. 2.13 and 2.14 for the SIS and 3.1. Inuence of long-range dispersal. As expected, in all the scenarios a decrease in infected and dead plants is observed for higher values of the transformations parameters i.e., lower interaction strength between distant nodes highlighting the role of physical distance between infected plants. Another interesting result of our analysis is that the Mellin transformation favors more the diusion of the disease with respect to the Laplace transformation (see Fig. 3 .1).
These dierences are very important in practical terms. It is known that when dispersal processes are described by exponentially decaying distributions [52] , the probability of moving a given distance decreases with the separation of the places at least in proportion to the exponential distribution. These models can be approximated by diusion models on an appropriate scale. In recent years, there has been accumulated evidence on the existence of unusual, extreme dispersal events, which are better modeled by power-law decay dispersal than with exponential ones. The spatial consequences of this kind of dispersal processes are analyzed in a further section of this paper.
A very important observation is that when the transformation parameters λ or s tend asymptotically to zero, i.e., when the long-range dispersal is quite strong, the epidemic threshold goes to zero. That is, as the long-range dispersal of the pathogen increases the number of infected plants needed to trigger an epidemics is practical nil. The epidemic threshold
represents a threshold in the sense that when ζ < 1 the infection dies out and if ζ > 1 the disease becomes an epidemic. In those cases where ζ = 1, the disease remains in the population becoming endemic. The value of this threshold strongly depends on the topology of the network. In particular, for a given graph G = (V, E), it has been shown that [53, 54, 55] :
where λ 1 (G) is the largest eigenvalue of the adjacency matrix of the network. Then, let τ = {λ, s} be the parameter of the transform used in the SIS or SIR model described in this work. We then have the following result.
Lemma 2. Let G = (V, E) be any graph with n nodes and with transformed d-path adjacency matrixÃ τ for τ = {λ, s} .
Let ζ (τ ) = (λ 1 (G, τ )) −1 be the epidemic threshold and λ 1 (G, τ ) be the largest eigenvalue ofÃ τ . Then,
Proof. We have that lim τ →0Ã τ = J − I, where J is an all-ones matrix and I is the corresponding identity matrix. Then,
where n is the number of nodes. Thus, for suciently large graphs, i.e., n → ∞ we have that lim n→∞ 1/ (n − 1) = 0, which proves the result.
In other words, for suciently large graphs and with very strong long-range dispersal of the pathogen, the number of infected individuals needed to trigger an epidemics is negligible. conditions. The original network is a RRG with n = 10 3 nodes, elongation a = 2.0 and connection radius r = 0.1.
In addition to the Montecarlo simulations we have solved the Markovian equations for the SIS model. In Fig. 3.1 we show the good agreement between the Markovian approach and the results of the Monte Carlo simulations. The main advantage of the Markovian approach is that we do not need to perform many computational realizations. Instead, we only solve the equations once for each λ value. The two panels of Figure 3 .2 show (in color code) the fraction of infected individuals for the SIS model, as a function of the infection probability β and the exponents of the respective transformations s (Mellin) and λ (Laplace). The number of infected individuals is calculated here as I = N j=1 p j in the stationary state. The results clearly show that as exponents s and λ approach to zero (note the logarithmic scale in the axes of both gures) the epidemic threshold β c gets smaller. Obviously, as these exponents become very small we reach a saturation for the epidemic threshold around a small value β c ∼ 10 −3 due to the nite size of the networks n = 10 3 . Markovian dynamics of the SIS model as a function of the infection probability β and the exponents, s (Mellin) and λ (Laplace), of the transformations at work. The recovery probability has been set to µ = 0.5 and the size of the network is n = 10 3 .
3.2. Inuence of plot/eld elongation. One of the most important characteristics of the current model is that we can study the inuence of the elongation of plots and elds over the propagation of a disease on plants. That is, using the random rectangular graphs instead of the classical RGG we can elongate the rectangle keeping the area of the plot/eld constant. We investigate the eects of this rectangle elongation by studying the epidemic dynamics on rectangles with length to width ratios ranging from 1 to 100. In Fig. 3.3 we illustrate the results of applying the Laplace transform to the SIR model using dierent values of the transform parameter λ and for dierent elongations of the rectangle. As can be seen, for any value of the Laplace transform parameter λ there is a signicant inuence of the rectangle elongation of the spread of the disease. The main eect observed is a decay in the speed of propagation of the disease as a function of β as observed by the smaller percentage of dead plants R when the rectangle has a width/length ratio of 100 than when it has a ratio of 1. The eect of larger λ is observed across the panels as a result of the delay in reaching the saturation of the epidemic as a function of β.
In Fig. 3.4 we illustrate the results obtained for the elongation of rectangles with width/length ratios from 1 to 100 when the dynamics is controlled by a Mellin transform of the SIR model. In general, the results are qualitatively similar to those obtained by the Laplace transform, but there are signicant quantitatively dierences which deserve to be considered in detail. Let us rst consider the eect of the infectivity β. It can be seen that the Mellin transformed dynamics reaches the saturation for smaller values of the infectivity β than the Laplace transformed dynamics. For instance, even when the Mellin parameter is relatively large, e.g., s = 4, the saturation is reached for relatively small values of β (see panel Now, the most remarkable, and surprising, eect of elongation is observed when we consider its eects on the percentage of plant dead for a given infectivity value. In the case of the Laplace transform when the long-range dispersal is very strong, e.g., λ = 0.5 the elongation of the rectangle from a = 1 to a = 10 drops the percentage of deaths by 25%. However, in the case of the Mellin transformed dynamics when the long-range dispersal is quite strong, e.g., s = 1, the percentage of deaths is dropped by 50% when the rectangle is elongated from a = 1 to a = 10. This result is at rst unexpected and In closing, we have that the elongation of the plots/elds produces the following eects: (i) the level of infectivity β needed to trigger the epidemics is larger for more elongated rectangles than for the square; (ii) the number of deaths is larger in the square than in the most elongated rectangles; and (iii) the number of deaths is signicantly smaller when the dynamics is controlled by the Mellin transform than with the Laplace transform. and connection radius r = 0.1.
3.3. Spatial patterns. An important experimental observation about the dispersal of diseases in plants is the existence of unusual, extreme dispersal events, which follow power-law decay dispersal. The most important consequence of these kinds of dispersal processes of pathogens is the generation of spatial patterns without well-dened epidemic fronts [47] , which generate clusters of dierent sizes [24] . This is a fundamental dierence with the Gaussian-like diusive processes in which waves separating infected from uninfected territory exist, such that the rst propagate smoothly and at constant speed [48, 49, 50] . As a matter of example we reproduce here a Figure from Grice et al. [51] in which the abundance of C. grandioraan invasive species, acting here as the pathogenin Dalrymple Shire, northern Queensland, Australia displays a clear patchy pattern (Fig. 3.5) , characteristic of this type of power-law dispersal.
Our model clearly reproduces such kind of patchy dispersal of the pathogen in which there is not a clear wave separating infected from uninfected territory. In Fig. 3.6 we display the dispersal patterns of a pathogen in a rectangular plot of length/width ratio 4 using the Mellin-transformed SIR model (top panel) and the classical SIR model (bottom panel).
In the non-transformed SIR model the dispersal pattern is the one characteristic of a normal diusion process in which the infection spread from the seed of infected plants in a radial way towards the noninfected plants. That is, in this case there is a well-dened front of infection (see it around x = 0.6 in the bottom panel of 
Conclusions
We have developed a model here that accounts for long-range dispersal of pathogens in disease propagation. The model is a generalization of the classical SIS and SIR equations on networks by using a transformed adjacency operator. The current model also incorporates spatial characteristics of the plots and elds in which the plants are embedded. These spatial characteristics are included through the use of random rectangular graphs which allow to consider the eects of the elongation of plots and elds on epidemic spreading dynamics. Using this generalized model we have studied the propagation of epidemics on plants emulating a few realistic scenarios of plant diseases. We have found that under the inuence of long-range dispersal there is much faster propagation of a disease than in normal diusive regimes. We also observed that the elongation of plant plots/elds increases the infectivity needed to trigger the epidemics and that such elongation of the plots/elds decreases dramatically the number of plants dead. That is, the number of plants dead in a very elongated plot/eld is much less when the dynamics is controlled by a Mellin transform than when it is controlled by the Laplace one, and they both are signicantly smaller than when the disease is propagated without long-range dispersal eects. Last but not least, we also observed that the dynamics is characterized by the existence of patchy regions of infected plants and by the absence of a clear propagation front that separates infected from noninfected plants. All in all,
we consider that the current model represents an important step forward for modeling epidemic propagation on plants allowing the variation of a few parameters that simulate realistic scenarios. The model can also be adapted to other scenarios of propagation and dispersal in spatially embedded regions, such as seed dispersal, and propagation of wildres. 
